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Hﬂ?(a : fn) - mr(qi)gE(qi : fn) m7’(qi)62 (qz : fn)

MRS KN, Br(q) € 2. Waf € pi=r(q;), FREURTBENTFn > N,
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i
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MREP(O) s MTAEMa < e (iheft—MEEMFE) MRBEYD < a P(O)K3A
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IS AR BN EEE A RO < AR LL, L2FA %A%
JE:
—
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{4 E1THIE S

WMARSn = Sp, N -+ N Sy, FGHBEAS, Sa, F5:
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fEn — UEREIE, 6, Ndp = ap1 55 18%; HTFan € pn, WASp, Ha, B

ﬂ:%anlﬁjﬁj‘—%sn—lﬂmspnﬁﬁ_‘éa Iﬁ‘lﬁrjan—l M Sn—l C dn C Pn C Spn > H%%
An—1 M Sn—l g an

A2,
SpNap = (Sp—1Nap) N (S, Nap) 2D (Snc1Nag—1) N(Sp, Nay) =Sp_1Nap_1 #Q

F 28, (a,) = (1), #F—HHS,(a) = Sn(q1) NN Sp(gn) N Sn(an) =q1 N+ N gn
(BJa— A5 R4.9)
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R AT IR AR KD, A KR HIZEH Sy (0)e H6 20T . 5 A AR
Py Py BENTIARHUNEEAR, 84T PR o5 MR 2 BEARE Rt

HE:
Xnagh, n = 1AEN B AR

fiiEn — VAIESRAL. X Fn, B, -, po PPt KE . X {p1, -, pn-1}
AN, FE—ANHBbEAMNMEZRSMb =q1N - N gu_1. WHREr(q;) = pio

R C Sy, (0), BepREETEP.NI/NEE, Tb C Sp,(0) C S4(0).
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WOBAR, Wp1 N - Npp =7(q1N---Ngpn) =7)b C r(S,(0)) p

a7 Fp; C p AT, HAIME R AEED = pio KRURHELED M -

b & Sy, (0), FRAETE—Ap,— M ZH M, W20 € qne TB2ZEa=q1N---Nqy
o REWAEX AN HEZ RN r(q:) 4R ES, HHG, 291N Na,, FEAE
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20. AT A—MEM, FHN. NAEMPERE A
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JiE

B =AY OO H i CEFERAERI AT, PR IE R 1.13. 3 W R A :

State and prove the formulas for ry analogous to (1.13).
—i) PC N = rm(P) Crpm(N): x7M C P, implies xIM C N.
0) rg(C") = rg(C) for B an A-algebra, C a subalgebra, and n > 0: C" C C,sorg(C") C rg(C) by —i).
If x7B C C, then taking nth powers,
and remembering 1 € B, gives x7"B C C".

i) rg(b) 2 f~1(b), for f: A — Ban A-algebra and b < B: If b € b, then bB = (b) C b,
and by definition if f(a) = b, then aB = f(a)B C b.

i) r(rm(N)) = rpm(N): x € r(ry(N)) <= Fp >0 (x € ry(N))
< Ip,q>0 (xP"MCN) < x eru(N).

iii) rpf(N N P) = rpy(N) Nrpg(P): If x"M C NN P, then trivially x"M C N and x"M C P.

If x"M C N and x?M C P, then for g = max{n, p} we have xXIM C NN P.

iv) rpg(N) = (1) <= M =N: 1€ r(Ann(M/N)) < 1€ Ann(M/N) <= M/N =0 <> M=N.
0) (N + P) D r(rp(N) +ra(P)): By —i), raa(N), rm(P) C rm(N + P), so rpr(N) +rpp(P) € rag(N + P).
Taking radicals and applying ii), 7(rm(N) + rpm(P)) C r(rm(N + P)) = rm(N + P).

The converse is false. Let A # 0, M = A ® A with action a(b, ¢) = (ab, ac),

N=A®(0),and P= (0) DA,

Then M = N + P, so rm(N + P) = (1), but ry(N) = rp(P) = 0.
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vi) If p is prime, r(p") = p for all n > 0: I've no clue how to interpret a power of a module.

I seem to have failed this problem, in that I wasn’t sure in all cases what the appropriately analogous
formulas were. The ones involving algebras were stretches, brought about by the difficulty of comparing
N and ry;(N), one being a submodule of M and the other being an ideal of A.

21. iz € ABFERH T —AHKARESG, : m — amo MeREHFURG, AL HIE;
MR B RICM T D, XA FRRTEEN . HMEFHQ MR M / QAT 146
R ER

IEHA R QR BRI T, BA(Q : MR, TRrv(Q)R— KBy, HQEM
Hrip — R

W, TkeHAT4.3,4 40 R B4



zyM C Q. WIEM Qo RS . MIYM ¢ Q, W, FEZMS. T£ A
S HEBM, NTEZHT, FARE, Wz"M C Qi.e. z" € (Q: M). Hik
(Q : M) RAEHTU, i FARMIHIS R AR

4.3,4.4 BIE

Prove the analogues of (4.3) and (4.4).

Lemma 4.3*. If Q; C M (1 < i < n) are p-primary, then Q = (\'_, Q; is p-primary.

Since the Q; are primary, hence not equal to M, their intersection Q # M. Suppose x € A is a zero-
divisor of M/ Q. Then there is some nonzero m € M such that xm € Q = N Q;. Then x is a zero-divisor
of each M/Q);, so by assumption is nilpotent, meaning there is n; > 0 such that x""M C Q;. Taking
n = max; n; we see x"M C Q, so x is nilpotent in M/Q. Thus Q is primary. As for the radical,

r(@: M) =r(NQi:M) “EV (N (@: M) "BV Nr(Qi M) =Np=».

i

Lemma 4.4*. i) Let N C M be A-modules and m € N. Then (N : m) = (1);
ii) Let Q C M be a p-primary submodule, and m € M. If m ¢ Q then (Q : m) is p-primary;
iii) Let Q C M be a p-primary submodule, and x € A. If x ¢ p then (Q:x):={m € M:xm € Q} = Q.

i): Since m € N and N is an A-module, Am C N, so (N :m) = (1).

ii): Suppose xy € (Q : m), so xym € Q. Suppose y ¢ (Q : m), so that ym ¢ Q. Then x is a zero-divisor
in M/Q, so by the assumption Q is primary, there is n > 0 such that x" acts as zero on M/Q. Then
x"M C Q, and in particular x"m € Q, so x" € (Q : m). Thus (Q : m) is primary.

Note that m € M implies (Q : M) C (Q : m). Taking radicals, p C r(Q : m). On the other hand assume
x € r(Q : m). Then for some minimal n > 0 we have x"m € Q. Then x(x" 1) = 0in M/Q, so x is a
zero-divisor of M/Q and hence there is p > 0 such that x*M C Q. Then x € r)(Q) = p. Thus (Q : m) is
p-primary.

iii): Obviously if m € Q then xm € Q,so Q C (Q : x). By contraposition, we will suppose m € (Q : x)\Q
and show x € p. Well, xm € Q, and m # 0 in M/Q, so x is a zero-divisor, and for some power n > 0 we
have x"M C Q. But then x € r)(Q) = p.

22. (fEFEHR) MR TN R RS TR FHRNEN = Q1N - NQn, HZHHE
oM WRBWRT M (Q:) R HQ: 2 Nk Q; WIFRZ AR /NHER S5 EWHSE — M —
P (4.5) FFHEHBHNEFREAREM /NN ETOR HEEHAE.



Theorem 4.5%. Let N be a decomposable submodule of M and let N = }_; Q; be a minimal primary decomposition
of N. Let p; = rm(Q;) (1 < i < n). Then the p; are precisely the prime ideals which occur in the set of ideals
r(N :m) (m € M), and hence are independent of the particular decomposition of N.
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Set P = ;% Qj- By the assumption of irredundancy, Q; C P;. Let m € P;\Q;, and consider the ideal

(N:m) = (PN Q;:m) "™ (P m) N (Q; : m). By (4.4*i,ii) of [4.21] above (P; : m) = M and (Q; : m) is
p;-primary, so (N : m) is p;-primary. Thus each p; is r(N : m) for some m € M.}
Suppose on the other hand that (N : m) is a prime p for some m € M. Note (N : m) = (ﬂQ,- :

(1124v) N(Q; : m), so by (4.4*) above, p = r(N : m) = ¢, bi- Since the prime p is an intersection of

some of the p;, (1.11.ii) shows p = p; for some i.

Show that they are also the prime ideals belonging to 0 in M/ N.

Note that for any module P C Mwehave (N:P) = (0+N:P+N).IndeedxP C N <= x(P+N) C
0+ N = N. Taking radicals, (N : P) = #(0+ N : P+ N). Specializing to cyclic submodules Am gives
r(N : m) = r(0 : ), so one is prime just if the other is, and by Theorem 4.5*, the same primes belong to
NCMand0C M/N.

23. 4.6~4. 11 5 AR TE DL AT AR BT



We must convince ourselves we genuinely aren’t losing any generality. What we should do is try
to lift a primary decomposition, as we know (p. 50) primary ideals are preserved under contraction.
So suppose we are given an irredundant primary decomposition 0 = N Q;/N in M/N (recalling the
correspondence (p. 18) between submodules of M/N and submodules of M containing N). Apparently
N = N Q;, and we should show that the Q; are r);,(Q;/N)-primary. Much as in the last part of [4.22], we
have (Q;/N: M/N) ={xe€ A:xM C Q;} = (Q; : M), and taking radicals gives rp1(Q;) = rp;/n(Qi/N).
Now we must show Q; is primary. Suppose x € A is a zero-divisor of M/Q;. The third isomorphism
theorem (2.1.i) gives M/Q; = (M/N)/(Qi/N), so x is a zero-divisor of the latter, hence nilpotent since
Q;i/N is primary, hence nilpotent in M/Q); since they are isomorphic. Thus Q; is primary. It is clear
that irredundancy is preserved under lifting, as Q;/N 2 ;% Qj/N <= Qi 2 (% Q; by the order-
preserving correspondence of p. 18.1

Proposition 4.6*. Let N C M be a decomposable module. Then any prime ideal p O rp(N) contains a minimal
prime ideal belonging to N, and thus the minimal prime ideals of N are precisely the minimal elements in the set of
all prime ideals containing rp(N).

Write N = N Q;, so that ([4.20.ii]) rmM(N) = Nrm(Qi) = Npi. If p O Np;, then by (1.11.ii), there is i
with p DO p;, and surely for any p; C p; we have p; C p, so p contains an isolated prime ideal of N. In
particular, if p is minimal over rp;(N), this shows it equals some isolated p -

Proposition 4.7%. Let N C M be a decomposable module, let N = (_; Q; be a minimal primary decomposition,
and let p; = rp(Q;). Then

Opiz{xeA:(N:x)#N}.
i=1

In particular, if 0 C M is decomposable, the set D C A of zero-divisors of M is the union of the prime ideals
belonging to 0.

Since by [4.22], the set of primes associated to N C M is the same as that associated to 0 C M/N, and
for x € Awehave (N:x) # N C Mjustif (0: x) #0C M/N, we can indeed assume N = 0.

Then the right-hand side D is the set of x such that there exists m # 0 € M such that m € (0 : x),
or xm = 0; with is to say D is the set of zero-divisors of M. Now if x € r(D), then there is a nonzero
m € M and a least n > 0 such that x"m = 0. Then m’ = x"!m # 0 and xm = 0, so x € D. Thus

D=r(D)= r( Umz0(0 : m)) = Ums07(0 : m). The proof of Theorem 4.5* ([4.22]) shows that each 7(0 : m)

for m # 0 is the intersection of some of the p;, and each p; = (0 : m) for some m. Thus D = [Jp;.

11T owe this part of the argument to Multiplicative Theory of Ideals by Max D. Larsen and Paul Joseph McCarthy. I had initially
started reasoning about ideals of the form ((Q : M) : x), and was trying to prove that if N = ] Q; is an irredundant decomposition,
then (N : M) = N(Q; : M) was likewise.

12 Note that, on the other hand primary decomposition does not generally survive the quotient process. Indeed, Example 3) on
p- 51 shows that the primary ([4.8]) ideal (x, z)? of k[x, y, z], where k is a field, has image no longer primary in the quotient ring

k[x, y, 2]/ (xy — 22).



Proposition 4.8*. Let S be a multiplicative submonoid of A, and let Q C M be a p-primary module.

DIFSNp # D, then ST1Q = S™IM.

i) If SNp = @, then ST1Q is a S~p-primary submodule of S™'M, and its preimage (contraction) under the
canonical map M — S~ M is Q. Hence primary S—! A-submodules of S™' M correspond to primary A-submodules
of M.

i): Let s € SNyp. Since p = r)((Q), there is n > 0 such that s"M C Q. Then any element m/t € S™'!M
can be written as s"m/s"t € S71Q.

ii): Suppose x/s € S7!A is a zero-divisor in ST!M/S~1Q. Then there is some non-zero m/t €
S™IM/S71Q such that (x/s)m/t = xm/st = 0. Then xm/st € S71Q, so there is u € S such that
uxm € Q C M. Then since m/t was non-zero, m ¢ Q, so ux is a zero-divisor of M/Q, hence nilpotent since
Q is primary. Then there is n > 0 such that (ux)"M C Q. That means x"S~'M = x"u"S™IM C S71Q, so
x is nilpotent in S~1M/S~1Q, meaning S~1Q is primary.

If x € p = rp(Q), let n > 0 be such that x”M C Q. Then for arbitrary s € S we have (x/s)"S™IM C
S71Q, s0 x/s € r(S71Q : STIM) = r5-1),(S71Q). On the other hand, if x/s € r4-1),(S7!Q) then
(x"/1)S7IM = (x/s)"S~'!M C S71Q for some n > 0. Thus for every m/t € S™'M we have x"m/st €
S~1Q. This means there is u € S such that ux"m € Q. Then ux" is a zero-divisor of M/Q, so nilpotent in
M/Q, and so some power takes M into Q, and ux" € rp;(Q) = p. But then since p is prime and u ¢ p we
have x" € p, so x € r(p) = p, and finally x/s € S~!p. Therefore S~1Q is S~!p-primary.

Now suppose m € M is such that m/1 € S~1Q. Then there is s € S such that sm € Q. By (4.7*) above,
p={xcA:Q#(Q:x)},some (Q:s5)=Qass¢p.

Finally, we show that every S~!A-submodule N’ of S~ M is an extended module of the form S™IN for
some A-submodule N C M. Indeed, let N be the set of n € M such that n/1 € N/, (which we can also think
of as the contraction of N along the canonical map f: M — S™M). If n/s € N, then n/1 =s(n/s) € N’,
son € N and hence n/s € S™IN. On the other hand f(N) = f(f"}(N’)) C N’,s0 STIN C N".

Proposition 4.9*. Let S be a multiplicative submonoid of A and let N C M be a decomposable ideal. Let N =
Ni=1 Qi be a minimal primary decomposition of N. Let p; = rp(Q;) and suppose the Q; numbered so that S meets
Ppi1s -+, Pn but notpy, ..., pp. Write S(N) = {m € M: m/1 € S"IN}. Then

P P

S_lN = ﬂ S_lQi/ S(N) = ﬂ Qi/
i=1 i=1

and these are minimal primary decompositions.

By (3.4.ii)) we have S"IN = N, S71Q,. By (4.8*.i) above, we have S71Q; = S™'M for i > p, so
S7IN = ﬂle $~1Q;, and by (4.8*.ii), S71Q; is S_lpi-primary for i < p. Since these p; don’t meet S, by
(3.11.iv), the S~ !p; are distinct primes of S~ A. If we had, for some j < p, that S‘le D ﬂ]’;izl S—1Q;, then
taking preimages under f: M — S~!M we see that Qj 2 Njzi Qi, contradicting the assumed irredundancy
of the Q;. Thus SN = N}_; S~'Q; is an irredundant primary decomposition of S~!N. Taking preimages
under f: M — S™1M,

P P P
SN = fH TN = (N57Q) = N5 =N Q
i=1 i=1 i=1

by (4.8*.i) again. This is an irredundant primary decomposition since the decomposition of N is.

Theorem 4.10*. Let N C M be a decomposable ideal, let N = I Q; be a minimal primary decomposition of N,
let p; = rp(Qi), and let . = {p; , ..., pi, } be an isolated set of prime ideals of N. Then (. cx Q; is independent
of the decomposition.

Let S = A\UZ. Then S is a multiplicative submonoid, and for p € X we have pNS = &, whileif p ¢ X,
then since p is not contained in an element of X by isolation, (1.11.i) shows p € U, so pNS # &. Then
Np,ex Qi = S(N) by (4.9%), so this intersection is actually independent of the Q; chosen.

Corollary 4.11*. The isolated primary components (i.e., the primary components Q; corresponding to minimal prime
ideals p;) are uniquely determined by N.

Let p; be an isolated prime of N. Taking £ = {p;} and S,, = A\p; in (4.10*) above gives S,,(N) = Q;
independent of the choice of decomposition.
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R ICo

#(B, g)RMRIt, T RA B ARZIE R B2 K AR B

Step 1.

5.19 B A3k Hm = ker g/ HAR KEAH

iE: HTg(B)&BOMTIH, HAREER. Wiim = ker g&FHM. HFSg: B— QF
JENFZSG : B — Q2 g(b/s) = g(b)/g(s): HRg(s)KIEBAIRO.

A B = By, TR,
Step2.

5.20 fo R KiE25, Bzl RKWTH, mafeB EAR. itmz]hmfEFAZAB — Bla]
FHIGK, Wamz] £ Blalfimz] £ Blz B —H T

iE: %%, m[z] = Blz],mlz ] = Blz™']



&, il 2

uo—l—ulm—l—----l—ummm:l (ulEm)

Ug-l-Ul:B_l +oidort =1 (’Ui € m)
B EARF R m, nkBUREN . FEAM > ne Bavie™  + -+ v, = (1 — vg)z”
HFvo €m, H5.19, 1 —voetifii. FR2"=wiz" 14+ - +w, w;,Em

FR2™ =wiz™ b w,z™ ", KRN
up+urx + - Fupe™ =1 (u; €m), HERECEKE . TIE,

Step 3.

5.21 XXAMRKRILE (B, 9), BREWKFIRIEIR.

HE:

T EET € K,z # 0, H5.200 Mixm{z] # Blz], T2&EWLARYB x| i 5 MR A
Em'd, hiElEBAm N B=m, TEKAB — Bz]i#S THKAB/m — Blz]/m/
o EXBAE BNk, K. TRE = k[z], Hhafgok v iiig. TRYERE, k] 2A R
REH 5K

FZSgFESFH TG : k— Q. MTQORREME, gy BAg - kK — Q. BE& LA
RAEB — k. #3287 (B,B — k' — Q). TRERKNEAB =B, =€ B.

Corollary. 5.22

BARBKWTFH, A7EKhE: AR 2 RS AREIRIAE

i

TR E IR, TR P A0 2 AR B A Y 2 L 55

Jitsite ¢ A, Hax ¢ A = AlzY], BEA da URRNAL, FRBRCEAEM @
o WORE = A'/m'BIREmE, BakRSA — KREEA LRI TRESA = Q.

H15.21, HFEEANE ARG (B, g), Ko EH2WA — QREH. T EXA
it RS R0, Fax & B. MTiAE TIRIEIFHAZ .



Zariskig |

5.23 %A C BRR#3IF, BIEA FARAER. BuEBYhiEZEE, lafifiu#A0,uc A
» B A IR :

BAAR—AMREIEOQ_EH R f(u) # OMFRZ fE8] Dt A BRIQR FZg, H
g(v) #0

E:

A9y, RFEHEBH o HefEA LA SRIEN .

A. otE AR YRR ERBMTE, #v = aoz™ + a12™ 1+ -+ a,, Bu=ag #0
SHFf: A Q f(u) £0, FHEE € O, W f(ao)e™ + -+ Flan) £ 0 (FUTEREEf:
RITREAOMAR G ARRA, mARZAE A 2GR , BagEg: B — Q:

g(a) = f(a),a e A g(x)=¢& WEER,

B. ofE AR A3 LR AT . Ao iR AR R ERREOT (B v 7R e fEA
EMZTRE) | HEITF AR

aoxm+...+am:0 a,é)vin—i—‘"ﬁ—a{n:o, Wu:a0a6> Xﬂﬂr‘ﬁﬂlﬁ‘[
Fid 0 fu) £ 0

BRIEHZES : Au™l] = Q, fi(u™!) = f(u) ', FRMES2EE—ANEEAlu IR
WO, UK—AERIIFEZR : C — Qo

HTFeEAu ) 1%, FR2 e C (5.22) . TRBCC. HiHwec BC C

B—Fifiv EAu T BB g L ESA TR . TR KA € O, Blv
TECHEYAL, FTRh(v) # 0. FAEHRNCIE R BRI,

5.24 (Zariski Lemma) ki, BREARAERERE. HEBRIIBAE REMA RIS
k.



IE: 7E5.23H A =k, v=1, Q= k., B DIAEII S f, gi RN TR
kC BCk, XiAMRARKA RIS,

& 5.24(Zariski Lemma)fE %t H Weak Hilbert Nullstellenstaz.

5.25 (Hilbert Nullstellenstaz Weak Form) mgk[xy, - - -, x,|fIHRKBEIAR, KAREA,
)I_luk[xla ot )x’n]/m >~k

iE: ieB = klzy, -, x,], HAPEAREM, mh BRI KB,

BB/ ek 5k ERE AWM E — B — B/mAREMYS, FRAGERKRN. IBAH
IRIEA PR AL S AR

TR&B/mEkARMAEY 3%, Bk =k, HEB/m = k.

5.25 Cor. Bt — P REH—E WM< 21 — k1, -, Tn — kp >o

iE: B TE R R R HIAR . BB

Klzy, e @n) = ki fro fllr, oo, k) BI: XInIAgE. SRIG M2 — Koy Mo A B
[,

S R FART — A RH AR, ko1, -, @) /m 2k, Bz, -, TR

ki, - kn, FREM =ker D< &y — ki, @0 — kp >, MEHCAEMAIA, F£
HAEm =<z — ki, ,xn —kn >

5.4(E)

1. % f: A — BRENIFFEZ, ie BEEf(A) L#. EW f* : Spec(B) — Spec(A)R:H
WSt o

iiE :

fATLIENA — f(A) — B, HAH—AFkiE SRR 2V (ker) R, D4R A
5o

FRATMRE A8k, HEAYAC B, HBEA L, &N AP ZEEEp 8 E
AEXANq, FEGNSBhEHEBqEESHAPEREBEANg, TE2AERAV()EST
IR AV (q€)



BV (q) MG HIEIV (v) . HARBEHT T I .

2. ARBIT3IF, BfEAL®, f: A — QRABFEAREAMQIRFEZ, IEW ol AT
AB — QWIFFEZE.

HE:

FITLSHANA — Afp — Q, Hrhp = ker f = (0)°H AR LI,
WLAAEBH FHB g N A =p, H5.6.1, B/qfEA/p 1%,

F AT A C BHA, BY¥REIRR, HIFFEZSS : A — QU DBIEH ARFEEB — Q
NRTES. 3 IRRE . % X REITEE N (C, o). HHAC CC B, o:C — Q¥H

ola = fo FIAZoms A KITCELFTE, BH(C,0).

#C # B, #bec B— C.bfAL%, HREC L%, #p(z) € Cla]iiEp(d) = 0

HEZop(z) = o(c) e TEQP L EE—R, B hz. BACDH — Q:b— 2R T
REWAMTIE, #MREB=C.

3. f: B— B'RA-REFAZL, CRA-RZ.- MRFEREFAZE, B4
f®41: B4 C — B' @4 CREFRZ.

JiE
HTF BT EWEIF, REHRIFAERITY @4 2R,

BEOWIEL™ + f(bp1)b™ L+ -+ f(bo) =0, T4
O @c)"+ (f(br1) @) @c)" 4 -+ (f(bo) ®c™) - (' ®¢)’ =0

M AL o



4. B ARBWT3F, HBfEA RS, Bnjd B, m =n N At AR RHEE .
(Recall 5.10) , R4 B,—@EfEAn LEEIL?

A—E. BB = k[z|WTHA = k[z? — 1] (HhkAiR) .
n=(z—1),m=(z2-1)N A,

BB fEAn L, ZBTEEL/(z + 1)
MAFEM TR 1/ (2 + 1) + Yoo +gm(@? — 1)/ [km(z? — 1)] - [1/(z + 1)™] = 0

Hk,,(0) # 0, B2mMERE(z + 1) 154 = —1IERTFE.

5.3FA C B, Bfe A I#.

5.1 nfkx € AYEBRHANL, IR Axte A AL,
5.2 J(A) = J(B)*

JiE

5.1 XFNEHES. 7 iy <77 [l ik B S8 2 AH ] o

5.2 BliiEJ(A) = J(B) N A

%%5-8> u&J(R) = Nm mazimal™M> éﬁ@i@%o

6. % By, -, B RumA— g, Balll, B A—fEk.
iF: AR R EE N = 280150 .
%+ F (b1, ba) € By X Byo #f, g€ Alx] BWAE—2T, HEN5r M0, baZtk.

2%18(£9)(b1,b2) = (F(b1)g(b1), f(b2)g(b2)) = 0. folitheAle]hiyEH—ZHA. T
RXRUL T (b, bo) RAEA LHEH, T By X Byt A— AL



7. % ARBWIT3, B — AfERE FEMH . iEWHALE BRI
JE
A %be B— AHbEA ¥,

BIb™ + a1b™ '+ cap b+ an =0, FR—a, =b0" '+ +an1). FTRRA
bl + - tan g € Al

FREHIAAD(D" 2 + -+ - + ap_2) € A, REFHTFIIBIEERD +a1 € A, FE.

WAL o

Rk PA A 2 THGUEA AR
8.

8.1 L ARI B T3, CRALEBRHEIAE. %R f, g € Blz]#ifg € Cla]
- I f,g € Cla]

8.2 BB 1 £ 2 Jo 8 5 VIE W A
JiE -

8.1 % BWE&B (Wi Frac(B)) Hf, greH o2, Skt
F=1lz-fi),9=11(z — g:). TESfi,g¥hfgtitk, TRAEC L3, N f, g 2%k
WrEC ¥, B TC, Mf,g € Clx

8.2

RSP A73 S8 S A A 168 25 30 500 SR PR A A -

WFf(z), ZESHBl)/(f(z)), WAEEHT — 2|f(T), %EF(T)/(T — z)4ka 5
G



9. XARBHT I, CRRAEBHHENENA. WEWClx| A x| 76 B x| Hr i stk .
HE:
%f € Blz|tEA[z] FB. B+ gif™ 4+ g = OXI S g, € Alz]por.

r>m, Wfi=Ff—2", BWEM+hf +- +hy, =0, Hi
b = (2")™ 4+ g1(z")™ 1 + - - - € Alz].

ot —f1, f 4 R f 2 4 By RS, MR ENIMRR ()BT Alz],
mEFClz], TRfABTClx]. Mz"4REFClz], T2f € Clz].

Rkl FotiAlz] 18, Credlr] b#, TRC[|fEAlz] .

TR [F) 25 BT A o i

10. FIFFAS : A — BAA R (F) WRAENTI3#(A) C BER (F) wh

BHL[E e £* 2 Spec(B) — Spec(A)
10.1 AFF AT =A% AF

la. f*JRMABSE; 1b. fEA EFHER; 1o X TAEMBIEEME, p = q°, Babs
Spec(B/q) — Spec(A/p) il -

W a — b <— ¢,
10.2 X F LR =444

2a. frRJFWS; 2b. fRA TR 2c. X TEMBh R, p=q°, H4
f*: Spec(By) — Spec(Ay )i

JE:

10.1



1b < lcBAR. FAXMYTERMNSE ML Ep REHpe . MBI - EE
g R BAR, JF B R H AR U R T pe, MIXIERSpec(B/q) — Spec(A/p)

la = le. ZEV(q)M1g, BT A, BBE—cH AV (o). 5EERE
V(a) CV(p), BE—THEHTrqiE%, p C V(a). TEHNEAV(p) C V(a), B
ImV(q) =V(a) =V(p), MITIEAT 17,

10.2

2b <— 2cif 7R H [F i

2a — 2c.

R XHESER AR,

Y e FZariskif i P RS B A FEER, Bp € U,p' Cp = p’' € U. (HEiME
BT )

T BB IHIERRR, t € B—q. T2&H3.E26

f*(Spec(By)) = Nf*(Spec(B:)) = Nf* (Y1) HAY REEqIFE, TR (V) R0
HPIFEE. T EAP Cp, #AP C f*(Y:), Mifif*(Spec(Bg)) = Spec(A,)

11. 3% f : A — BRVFHHFEZ, 4 A TR
(Recall. “PHERF 25 /) BYE A A —HUFHH )

iif: f3.E187015.E104% .

12. B GRIFAR A FIMBEATR TR iBAC AP KGR TLEM BT (A LR
HHIBET MR T3R) , IBAATEAC Lk,

WS AT T4, HiEo(S) C S,Vo € G, #iaS¢ = SN AC. JEWGTEA LM
FIRTDASESRFIS 1A B, JEH(SC)TAY = (S71A)C

HE:



12.1 AYEAC b3 @b Pz € A, HEHzRLTRL(t) = [[,eo(t — o)W, I
HETRYCAVENHREZ TN, HRREGHEMN.

122X Fo € G, Bo(a/s) = o(a)/o(s)EmT,

HEXMH: #a/s =b/t,s'(at —bs) =0, Mo (s')[o(a)o(t) — a(b)o(s)] =0, M
o(a)/o(s) = a(b)/a(t)

o R TS T ARIIRRE A5 BARAY .

12.3 (S¢)1AC ~ (§14)¢

Bt : (S€)1AC — (S71A)% 1 a/s > a/s

XANE R RIFE Ko (a/s) = o(a)/o(s) = a/s. THa/sc (S71A)Y,

s p R 25 BRI Rp(a/s) =0, WatES1Afa/s =0, B3s' € S,as' = 0. ik
Bithta € A®, IaVo € G,0 = a(as’) = ao(s')

Fita - ¥,ep0(s) = 0. AT, co0(s)) € AS. H—IrTia(S) C S. Tt
Yoocqo(s) €S, WY, oo(s’) € SC. WHtE(SC) 1A a/s =0

BHPANTIL: HTHEHa/s < (SLA)C. i TFo(a)/o(s) = o(e/s) = afs. BRI
ES_IAEP(ZUEG O(G))/(ZUEG o(s)) =a/s

%ﬁ‘%‘bﬁjs Iﬂ?"]fﬁiiﬁXﬂL/l\a - G, 30(0'(0,)8 — 0’(3)0,) — 0, ﬁlg/z\
[ZUEG 0-(0’)8 - ZUEG 0'(8)0,} . HUGG Sy = 0

TRP(Xpeq 0(a)) Xgeq o(8)) = a/s.

I o [l 4

13. B S ¥ FI5.E12, #pRACHIEam, PR A28 A p s 85 40 2 e 2 10 R R
2o, WEHGHESESP LRI RIEBN, TRAENMEBES PARR.

HE:



WFp1,p2 € P, %z € pro TR[,cqo(x) € p1 NAS =p C py, MiTFEFE—A o ffif
o(x) € po. MTXNENI AL, TEPp1 C Useqo(p2)-

oA R T Ro(p) R AN ZHM . BARLIF.11), Fp; C o(py) XA € Gk
S MBAHS.9, WEATEAC R HAD, = o(ps). MIMIER T 458,

14. W ARB K, KRHGR, LERARIERT 295K, idG = Gal(L/K), BRA
FELH sk A AL, EWo(B) = B,Vo € G3tHA = BC.

I :

14.10(B) = B

T e B, HEMHE +ard" 1+ +a, =0, T

o(®)" +o(a1)o(®d)" t+---+0o(ay,) =0, Mo®)" +aio(d)" 1 +---+a, =0, W\

fiio(b)t7EA ¥, #o(b) € B.

IR ERAR o YRR, B 4xt Fo(b) € BAb=o(c (b)) € B, Tio(B) =B

142 A = B¢
BY =BNL® =BNK = A, f¥5 /%2 EGaloisy iEf, SE— %2 REN

ATEK RN, WAk € K — A, SRR T B, XMtkiEALE, TREAAkC A,
T, NTAAEBNK = A,

15. ARBIF, KREHRE, LEKKARY K, BREAELTHEEMM. XTAPR
HARp, eWie R i B R B g MO R

JE:
BieAH%: https://wuli.wiki/changed/PInsEx.html

BEAABRY 5KAH AT LA i R — AT 3 K B — IR GG R 0 K o 2 SR I AN 5K A
BRE, T AT IEI L2 K Bl 7347 5K AL Lo K2t ASal 234 5K B9 5 B0 R AT


https://wuli.wiki/changed/PInsEx.html

a. L/ KRAWAHY 5, FREA I, AR 28500 A LA BN T A QF,
BQ/KRAREMTHY 3. FRIS5EI4A = BY, A5 BI3HILGEEIA = BOht
A FHLAEP Y B R BB R

b. L/ KRR 53 5k ERBRALM A RY K — &R0 1, T AT EA Rk
BicharK = p, WRQEBHREMEEHEqgN A =0p,

ST —ANEHEqHREqNA=p, ZBrxecq, WEHzP €p; RidkEz? cpCq, T
T < q.

H—Jri{z3m > 0,27" € phEgiE— HAE (RIEEI) TTHIINZ N A = pfefE
AME—. TRBRRIEN T 2536

NoetherEHlfL @ HH, Zr e
https://www.cnblogs.com/XiongRuiMath/p/10289644.html

16. (Noether FHifb e Bl) ki, A # 0RAMRAERE—RE, WHEEL, -+, zq € A,
W eAEE EREG R, FHALEK[x,, - - -, x4 BFE

BT — AT B A ek — AR BT DUMBE Ak C g k[1, - -, Ta) e A.
HE:

BAHY1, - - ym ERRARBUE

JFm A4,

wm = 0 LR R. =, MAMERFHPFLETRS C A, WHESTENE— K%
m — INTERAK, HHAES AR (EABARAER) -

XA ST L BR, B K[z, -+, xg] = R, RYRFEE 4B, X
RCuw SCyp A, TRAYES 13, HEMEEGEEATER 13, WINAFIE,


https://www.cnblogs.com/XiongRuiMath/p/10289644.html

HT Y1, - Y WERARETE R, B E 2B R (e, = vi) o BT MBIRAFATE
f € k[Tl’“ ’ 7Tm]’ 1§1Ej“f(yla' "aym) =0

B, Bz =i — v, ,2<i<m, T&£
2 m—1
f(y1722+y7£az3+yg,"'azm"i_y?i ):O

TFREMBM FBROTHR: ayy [0, (2 + o5 )%, HdiFHa € ko RALERZF

artrag+--+rmla,

Y1 R IRTTE thay;

A VR AR T TRy, s <7, IBAREADy R E RIS A T
el K 2 R R Oy TR R —, By dEk(ze, - -, 2] BB FIRRY2, - - Ym I 2iHY
%XE %Ek[zza Tty Zm]J:%P%O Mﬁﬁs — k[ZQ, Tty Zm] Epyyiﬁ/@%*ﬂl‘J%E%:So

16Remark. ;XM EBLH LITARRERS : KRARBUA, XK "R OiH%, MhrIFA # 0.
BLAFAE—Adim r iR Gk 722 M L, DAIRZMEMS e « k" — L, xR 21 X
EATYR RS

AR E B

17a.(ScheinZ &) A, #HAHa C A, Mir(a) = Nyoap

i GXBE—ANREE R : 3.11Rmk.

fgr(0) <= 0Z{L,f,---,f"} < A #0, AN KBBIEAFRFIRALE f
R AR )

17b.(ZariskiZ i @ ¥l - Zariskis| ) k@i, ARGMRARME. MRARBIRLER
kI A RRARBD 5K -

iF: HiNoetheriE#¥ifk, k C An[LIsr ik C P C A, HpAEP ¥, F:HHMRETL L
WA PR Tk EZTAIR. 5.7, AR, WP, ML HRnRiR s P4
ML AEk BX, SURARRAERARL, TR RAREY 3K .

17c.(Weak Nullstellenstaz) 3 FR& gk, k[X,---, X,]/m =k, Hpmi
k(X1 -, X, |t RBEAR . BHE—, mpbeERAER< X —k,---, X, — k>

jE: [A]5.25.



17d. (Hilbert Nullstellenstaz) x§ Tk, HRAEMA—NREA, o AREE, T
T’(Cl) = ﬂmgam

iE: ERELgia=0, f&r0) < Af #0. TRAAFEMKIEE, Bhm. HEASH
JEiR R EHAR, oA,

FRAREHRIIAL (HAREN) k— A/n: A/ < Ag/m, Tk — Ap/m
%ﬁﬁ%ﬁo iﬁAElea R wn’f/ﬁjﬂk—’fjﬁéﬁﬁgﬁﬁgﬁk, ﬁBQ\Af/mHHx]./]'? Tt wn/17 ]-/f'f/F
Ik—REAPRE R TR Zariskig| B, Ap/mEkiA R K.

TRAp/mYEk 1#, MREA /0 B, TRMS.TA/ /MR BRI, i f € n,
i I o

17e. (Strong Nullstellenstaz) 3 &gk, #HiHa C k[ X, -, X,], T
I(Z(a)) = r(a)

JE:

Xﬂ“ﬂﬁ(wl,---,:cn) e A", (CEl,--',CCn) e Z(a) — aC< Xy —ml,---,Xn — Ty >
(See 5.25 Cor.)

H—J7

f(z1,- - ,2y) =0 < fe< Xy —zy, -+, X, — x, > (See 5.25 Cor.)

I(Z(a)= (] <Xi—-@1, - Xn—an>
(21, - yzn)EZ(a)
— ﬂ <Xi—x1,, Xp—Tp >

<X1—£E1,- 0 -,Xn—xn>:_>a

— ﬂ m(Weak Nullstellenstaz)

mazximal mDa

= r(a)(Hilbert Nullstellenstaz)

B —ARERKE[ X, - - -, X YRR A R pk— 1%L



20. % ARBIFBITFIR, 3 HBEARENA—REAMRER. IEWIFEs # 0,5 € A,
Yi,°yYn c BEAJ:’FQ%[%%’ %ﬂ?%EBsEB;J:%%’ :/H‘:EPB/ = A[yla ) yn]o

JE:

S =A—{0}, K=S5"A S'BRAMAEMK 4. miNoether EMILER, F71E
Y1/81, **,Yn/8n € STIB, TEK KT R, HHS 'BHEC = K[y1/s1,+,Yn/Sn] b
%%,

Bez1, o 2B A—REULERB, $az1/1,- -, 2m/IHEK |21, - - -, Tn] B2 o

Yezi /IR B S TR E . Bpi(2) = Y ¢ j(2i/1)

WIEsKifis € Stiffsci; € B GRUBNAEE) Mapi(z) € BITIMEA L, F
Rezi /LB, L. 5—T7H B, = Bilz1/1,- -+, 2m /1], TR H5.34HIE.

21. FARBI BT, I HBREA B RA-—REARER. W FEs #0,s € A, i
RO, f: A — QRAREHLS(s) # 0, A fATBGESF B — Q.

JE:
W HS.E20M0i05: B LIEHREB, GlinkyBiE0. His # 0" LIt £ B.

H5.E2, WLt EB,, TREAREHZET B,

22. WARBIFBIT I, JEHBEALERA—REARER. MEI(A) =0, H4
J(B) =0

JE:



WBH—AN R TR, HEIEETE A SRR . X B, flF 3 AR S5.E21
(CBEIRRYJRAMEA R IR) |, B TR ZKRMs # 0,5 € A,

EmEAMBATIE, s € m, &k = A/m, BLMERSEE LHAA - k — ki LIk
SEtihg : By = ko LK g(v) # 0. HMg(1/v) FAFAES

B—7ilm g = B,/ ker g = B/(ker g N B)

?

JacobsonZi

23. BLARIR, WEB FHIEM, FREIX A% B ER A ]acobsonf :

a. AR B AR TAR KB ) 22 o

b. A A ) 2344 i JacobsonR A 7 AR AR AH F]

c. A AR R B 28 BEAR R A5 T 7™ A AL 5 B W R BRI 52 o

HE:

b = a. WTFHEANFHMEp, HEA/p, L.

a = c. B

c = b. HRNWFEBGERFETENANEIR, SEBEH, T UMRKARER
{HJacobsontRIEF. #0 # f € J(A). THAr # 0. WA PAERKEAR, BHALEEp

o MAf Ep (BNWEL) . FRPAEBAKR.

I, HTpRA PR, IRATHE A S PR —ER{f, -, "}
A%, TREEUSf, NS CRETE.



24. # AjtJacobsonif, BJEA—REL, WEWHARUT —EE D H—: BEA LR, Bif
HA—REAMRAR, 4 BiJacobsonif.,

K, AAIRARIN, FAA IR R AL ]acobsonif,

HE:

25. AR, EWDAT Wit S :

1. AjftJacobsonif; 2. GAGIRARA—RBBUMFR, ILVERHABHRER
ik

1 = 2.

W f: A — B, ARG HA C B (A R#38) |, I HA 3R EJacobsonif. [
mariA C B, HA%,

H15.E21, f#HEs € AW EOR, Hs # 0. FYe% g AflJacobsonff :

J(A) =R(A) = (0), Fhs ¢ J(A), BEERKIEEM B 5. FRZIERZS

A— A/m(=k) =k, WBaEwiEHng: B—k jiTBEE, TR9R%EAZ, #BTE
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H11.6.2, 1+ UmdocRBHL +m, BRAm € my, TRL+ miEA;FR& %A, HMTE
UA; B0, TSR T JREA.

TR A -

A € YRk = EH

HQ =K, ZERASS: A — A/m— Q EEHA/maLBAK, TEBAFQ)
mlZ5. 3T, WRAFE(A, ) > (4, f). oA, fHBCA— ko, F
RS 19 R, HHf 4= fo IBatARkBEn =ker f/URWBEnNA=m, 5
A e SHRTE-

TFR(A, HITESITIFRAPHA, FRES.2EMMEIR.

TREF = A € Tk

IAEME AR, MRRIABIRTA, W2AC BC K. 15.18.2, A, B#f2 R
o

2i8(A,m), (B,n). HS.18.1MIEH. miz € A,z ¢ AMelRigks. TRy
FUES S8 € A, o' € BIFIUIIHI. Ekng iz Fm, NiiHEA = B

28. BARBEIR, KJE4ybl, wEWIVL R WS4 :

1. ARKWIREIR; 2. a, bEARBEAE, Wa C b,b C apbeEiBlH—.
H AR R A/ PRI A math frarp #B R BATA H 43 38 P BB ER -
iE:

1 = 2.

%7&1—\" ﬁmea—bayEB_aa E%m7y#0° Elfﬂ:l'/yEK, %ﬁﬁx/yer ;JB/Z\
boy-z/y=xca—b, FFE.

2 = 1.



XTa/bec K>, R¥(a) C (b)#ifib/ac A, xZa/bc A, i,

29. AR KHRIER, IBABENEES AN KNI AR EA AL
JiE:

WP AB, 5.18(fEBRMEIR, #EmE /R, B BRI RN, AR RHEAEEm
o HS.E27.2(3 g% C m. Jian = n N AR AR EBME . RITEHB = A,

KRR, TR AR I 27 gl 37 AREE -

(EEAMTRAR:

30. (WUEIR—WE) BARKIRER, ARBRAGHURK #F#.



AT = K*/U, #&n e, M,y e KRF. £ > ninfey ' € A (RASRIEX
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