5.1 ik

(Differentiable) f : R™ — R" differentiable at a <= Idlinear mapping
A:R™ — R"s.t. f(a+ h) = f(a) + Ah + o(||h||)

Proposition:

(f+g) =f'+4getc

Chain Rule.

Inverse Function: f : R — R differentiable bijection, thus f ! is well-defined. If f ~!(z)

is differentiable at the point x.(This is important! Previous conditions cannot guarentee
the existence of the derivation: f(z) = z3)

We have (f 1(z)) = m

(Local Max/Min) f (a,b) — R, call f reaches local maximum/minimum at point
z € (a,b), if exists B,(z) s.t. Yy € B,(z) N (a,b), f(y) < f(z)(>)

Similarly we have the definition of global maximum/minimum.

Prop.(Fermat's Lemma) f : (a,b) — R differentiable and « is a local maximum point,
then f'(z) = 0.

(Rolle mean value theorem) f : [a,b] — R continuous, differentiable on (a, b) and

f(a) = f(b), then exists ¢ € (a,b), f'(£) = 0.
Similarly we get a wider version.

(MVT) f,g: [a,b] — R continuous, differentiable on (a, b),

)~ fa) _ £,
% € () .t s = “n(o(a) # o)

(Take g(z) = x we get Lagarange MVT)



Corollary: f : R — R differentiable, f' = 0 <= f constant.

f'(z)

J@) 4

Prop. (LHopital) f, g : (a,b) — R differential and lim,_,,

If: 1. lim, ,, f(z) = lim,_,, g(z) = 0 Or 2.lim,_,, g(z) = 0o

Then lim,_.,

(Taylor expansion) f : (a,b) — R is n-th differentiable,

F®(a
fa) = Spy T2 e ), (6 a,20)

(x — zo)* +

£®)(g
Proof: We construct the function g(z) = >_}_, ( 0) " (z — z0)* + M(z — zo)",

and let g(z) = f(z), g(w0) = f(zo), thus I s.t. ' (E) f'(6)

Use induction we get the desired result.

6.3 PDE

f:R,xR3=R
WO — Af =0, (Af=302,.f=V(V])

s fIREEE: Bl = —kVf (Fourier's law); fgit<piE
i (KBRRE RS Tl A PR AL

O [y fdt) = — [ T -

ifij fiStokes' & # [, F -1 = [, V f

T [y [0 — V- (kVf)] =0 = 0f =Af
2. PRI

B BT RES, BNAf =0

(Poisson Jrf: AMINBRERTAIENFELS: Af = Const.)



3. Woike
Bttu —Au=0

e IR HIR ), Onudim iE L,

8.2 ODE,; Picard-Lindelof-Cauchy-Lipschitz Theorem

(Picard-Lindelof) D C R x R", f: D — R"&Fti%EsE, X TFLipschitzfE
[to — a,to + a] x By(xo) BRL. HAfFfEQ > 0, {55
z'(t) = f(t,x), z(to) = T FAEME—M[to — a’, to + a']J:B@Clﬁﬁo

JiE:

X = {f € C(I,R"), I € to(to be fized), f(to) = zo}. I HE & LHEEESHE
#. ERC()WHT48, TREARTS.

FEERXEETT : X — X :y(t) — 2(¢)

t

2(t) = y(to) + [ f(s,y(s))ds, LT (z) =z <= Desired Solution.
to

t

sup ||T(y) — T(2)| = sup | t f(s,y(s)) — £(s,2(s)) ds|

ST UET 95 JE A S -

< o / Lly(s) — 2(s)| ds < La’ sup ||(s) — =(s)|]

Wta' 76N BT S FE AT, I L Iy, 283 [t — a, to + a] X By (0)-

8.3 [z kI e P

REscEs: F:U — R", OpenSetU CR", F e CYU), DF(xo) f5¥ (HF
zo e U)

BLFIEV D o, W D f(z0)o HAEF|y : V — WEWS, FHHEEHF W — Vil
2O,

MAHEERM: X EBanachzs ], ®: X — X, ig¥(z) = ®(z) — z.

IRAESRIE B, (20) LA s [[¥(21) — ¥(22)]] <Aller —2of|, (0<y<1)



W23 TFY € Ba—y)r(®(20)). ytEB(zo)hAME—HIFIR .
iiF:
EEy, mE%kTrs.t.®(z)=y < z2+¥(z)=y < z=y— ¥(2)
% ST < ¢ — y — U(t) : By(z0) — Br(xo)
(ft38 kB, (o) BN
ly — ¥ (t) — zol| < |ly — (z0)l] + [|2(z0) — ¥(t) — zol| < (1 —7)r + [|¥(zo) — V()|

<(1—9y)r+qr=r
)

[T (21) — T(z2)|| = [|¥(21) — C(z2)|| < vl|lz1 — 22|

F & fiBanach A"l 5 @ #, 4518 H BH.

I 1) J52 R 45 R L
HTF(z +z0) — F(zo) = DF(z0)z + of[[]).
(DF(x0)) ™' (F(z + z0) — F(x0)) = @ + o(||]])

Bt ChTizRAaHshEm) | i
®(x) = (DF(z0)) (F(z + x¢) — F(z)) = (DF(x¢)) (F(z + x¢) — F(z¢) — DF(xq)x + D

=+ (DF(a:O))_l(F(a: + xo) — F(z9) — DF(z¢))
=z + ¥(x)

Check Conditions.
19 (21) — ©(xs)|| = [[(DF(2z0) ")(F(x + z1) — F(z + z2) — DF(20)(z1 — 22))||

1
S ||DF(xO)71||matm'a: norm||/0 [DF(«'L'Z + t(w2 - -'L'l) ° (.’132 - 2131) - DF(mO) : (-’L'2 - xl)} dt||

AT N, 43| | DF (22 + t(xe — 1)) — DF(zo)| |58, I & B4
TEHLZEAT)

WaxtTHAY € Bayr(zo), HIEME—M € Bo(z0), ®(z) = y.
BI(DF(zo)) Y (F(z + z0) — F(z)) =y = F(z¢+ ) = F(z0) + DF(z¢)y

B T EE{F (w0) + DF(20)yly € B(1—y)r (o) }h i yCa A2 R



WREHAG, B4:

1G(y1) = G(w2)l| = [lz1 — @af| <||(z1 + ¥(21)) — (22 + ¥(22))[| + |[¥ (1) -

< lyr — ol + 7 [|z1 — 22|

1
FR||z1 — 2o < 1—||y1 yal||. TR T B8k .

10. Fouriér Analysis

10.0 Preliminaries

Prop.1.f % g = g * f; 2.f * g continuous (as long as f, g integrable)
Prop2.Pf.

(f*g)(z + Az) — (f * g)(=)
— fly)lg(x + Az —y) — g(z — y)|dy — 0 as Az — 0

-

(XAE A, (HRSE HERR B E A AR e &L AT i

etc., #REMIRIEEBUEHISURAR 71X —1E57)

Lem. 45— TG . C4MAR: gl < B. WHHE—IRIELMHaL
sup |gs| < B, / 16 — gldz —> 0 (7 5 AR 21 )

Lem.Pf.

Wgr(z) = sup f(z), grithiesett, RERELL.
[m/k,(m+1)/k]>z

St g B I AR L, R R PR 35 R T DA R 4 B ) A P 1/ e K M

{H, HORIREYR x 1/k* x B

(f * 9)(@ + Az) — (f * 9)(a)|
<|(f*g)(@+ Az) — (f * gi)(@ + A)
H(f * g1)(@ + Az) — (f * g) (@) +
(f * 9)(@) — (F *9)(@)

BE g »

U(as)||



B+ 90 (&) — (F 5 9)(@)] < 5 /W!f(y)Hgk(w—y)—g(w—y)!Mﬁﬁ%ﬁk&"ﬂ%ﬂo

TR B, IR AxtEh], TRAE

(8: f*gr = f*xg. BIUEBHIESL)

10.1 Fouriér Series

Definiton: f : R — R, 2r—periodic. [—, 7| FRiemmann]

mi= o [ fale da. f@)~ 3 e

nel

(f(n)MBEBGEIHLE FrEREe™ FIIBEY ., HAp & HmB A SH

n==k
K A IRANE SO RFR A lim > f(n)e ™.
n=—=k

Examples. Given f(z) = {1_ 1 {0 77:)0
f(n 27r/ f(z)(cosnx — isinnz)dx = ——/ sin nzdzx
_ u( Lo

| (—=1)™ — 1| .
FEY ACD" 7 e — gm0, AR SIS LS.

neZ nm

BT ORI X — R A S BT 98 -

EQFREMIREE, 2Svf(z) = > f(n)e™ . S, f(z) — f(z). &

n<|N
i =? (Fejér Thm.)

REHRE—



1 g g
zn z—y) _ —in(z—y)
SNf E 27_‘_ / f dy = o E € f(y)dy

n<|N| T n<|N|
(2N +1) [" f(y r=y

= m  sin(N+1/2)(z
T Wﬂ )y @ #y

sin[(N + 1/2)z]
sin1/2z

icDn(z) = , Hp2kmhbitdn 2N + 1, #rADirichlet# .
WASnf =Dy * f

HHR (HBER=HETR) T+ g(n) = f(n)g(n)

HE:
m(n) 21 / (f* g)( e IMTdy = — - _ﬂf r — (y)dy e~ dp

Fubini / —my / f B — m(w—y)dm] dy = f(n)g(n)

10.2 Good Kernels - Féjer Theorem.

Given a series of kernel function (2r—periodic) satisfies the following:

™ ™

0 — K (z)dz = 1;b. HM,Vn,/ Ky (z)|de < M (L'—5##); ¢

—T

|Kn(az)|da: — 0(n — +00)

Prop.(Good Kernel Approximation) Given good kernels { K, }, f integrable, then if f
continuous at xg, (K, * f)(zo) — f(xo). Moreover if f € C[—m, 7, then

(Ko f)(2) = f(2)
Proof:
[Kox fao) — f(oo)] =] 5= / Kn(t) [f&0 — %) — f(o)]dy |

<or [ Ka@lIfo—3) ~ feo)ldu + % K @)llf(@0 —9) ~ flao)ldy

ly|<é



1
TS 5 sup | f] | Kn(y)|dy — 0
ur 5<|y|<m

B SIS 6, | f(zo — y) — flzo)| < eXfly| < dHaL.
MTIE=TI< eM/(2m) — 0
Thus (K, * f)(zo) — f(z0)-

Moreover if f € C[—m, x|, f is uniformly continuous, thus ¢ can be choosen uniformly,
and we get theresult K, « f =3 f

™

Unfortunately Dirichlet Kernel is not a good kernel. / | K, (z)|dz > clogn. FREKIIA

AEFI HIGood Kerneli /e 4 HiFouriérgl 4 i) si 25 M s o

=

SRTTFATT & Pl Cesarofl EL A Good Kernelt: it | BpE(F N * f = e (D, * f),
n=0
1
Fy = N > Dy (FrAFéjeri)
1—cos Nz . »

HEmMFy = mﬁﬁ“ JEGood Kernel, T&iX 5t 15 BiFouriérZg %4 ff)Cesarofll H A
SIS R

10.3 L&k

1 4 _
YL [, >= %/ f(t)g(t)dt, Hrpf, g : 2m-periodic,[—m, 7] — C,
£l g2 :=< f, f >1/2.

T F|FourierZf 5 16 L2 F 38 4k SR i o

(L BARIEIE) Blg = Do, < Cn€™, cp (EREHER

FARM|f — Snfllz2 < ||f — gllz2

iE: [|f = gllZ. = |If — Swfl*> + |Snf —gll* +2Re < f — Snf,Snf—g>



< f—8Snf,Snf—9g>=0, TEHKIE,

HOAHE S5 3) -
(LW TR |If — Swfllze —5 0
(ParsevalfiZ) ||f|[z2 = 3 |f(n)]?
i (L2):
wmRf € Cl—mnl, ||[f = Swfllzz <||f — Fn * fl[z2 = O(N — +o0)
T f, WTLRE R fr,, ELWSTEE S, HH|f] < sup|f]-(10.0)
MFREELE||f — Snfllze < ||f — Snfellr2
W f = Snfllee <If = Fellze + |1 fx — S fel| 22
H—< sup|f — fiul - ||f — frllr:
5 T HRTIR A T0.

Parseval 4%,

(Riemann-Lebesgue £ #i) f(N )—0

10.4 7S

12.1 Applications of Fourier series



Weyl Equidistribution Thm.

Given an irrational number v, §,, =< ny >:= ny — [nv|. It is reasonable to guess that £,
distribute equally over the interval [0, 1).

This guess is somehow true, and the result is usually called Weyl Equidistribution
Theorem.

Rmk. ({, =< n~y >) is dense in [0, 1) (Using Kronecker's trick)
Def. Equidistribution. (#5540 )
Aseries &, € [0,1) is called equi-distributed iff Va. b € [0, 1),

. &Gl <n<N:& €la,b)}
lim —b—a
N—+o00 N

The main result is the previously mentioned theorem.

Theorem. (Weyl Equidistribution Theorem) ¢, is equi-distributed <— ~ s
irrational.

To prove the theorem, we claim the following criterion.

Weyl Equidistribution Criterion An arbitrary series £, is equi-distributed

= Ve N\{0}, Ze2mkfn =

Assuming the criterion, we apply the criterion to the series < n7y >, here
1 e2miky _ o2miky(N+1)

1 - 2mikn 1 il 271
— e ™ = — e2miknn — . . = 0, hence the result.
N ; N 2( ) N 1 — e2miky

Proof of the Criterion.

—.

1 Al N—>+oo 1
Equi-distribution <= N Z (a,) (&n) b—a= / 1[5 (t)dt
n=1 0

1
Then it suffices to prove the following statement hm Z f(&n) = / f(t)de
0

holds when f is a step function.



Step 1. Continuous cases.

Suppose the Weyl's Criteria, f € C([0, 1]), and periodic 1. Then the following holds.

1

L1
lim > f&)= [ ft)dt

Recalling that Fiy x f =3 f, here F'y is the Fejer Kernel.

Then

§jf§n Q/ (¢ ww<——§jv (Far # )l (n) + 1= EZPM*f () — K;@M*,

n=

-+AIFM*f—ﬂﬁMt

2nd term holds since F; * f has the form > ae?™*t through direct check one can
verify it can be controlled by increasing IV, after choosing a satsfying n, 1st and 3rd term
can be controlled by adjusting M.

Thus we prove the continuous cases.

Step 2. Step Function cases.

For an arbitrary step function (or more specificly 1[4 3)), we have the following continuous
function approximation.

0 a—e€ b+ e 1

Figure 3. Approximations of x4 ) (z)

Obv.that f7 > f > fo



By taking limits (over €), we obtain that for an arbitrary step function f.

(limsup ) f <limsup ). f* = [ fT = [ f + ¢, similarly we get the other side)
Since linear relation, indicator function cases holds implies the entire step function cases.

Thus we get the <= direction.

Remark. A useless step 3. Riemann Integrable Function cases.

1 1
lim N Z f(&n) = / f(t)dt also holds for f Riemann integrable over [0, 1]
=1 0

N—+o00

By approaching f using step function from both sides, we get desired results.

.

1 N N—+o00 !
N E a,p) (&) — b—a= /0 ﬂ[ayb)(t)dt holds. Thus
n=1

N—+o00

1 1
lim N Z f(&) = / f(t)dt holds for Step functions, thus Riemann Integrable
=1 0

1N 1
functions, thus Continuous Function. Namely Nl_i}:lgOo N nz:l f(&n) = /0 f(t)dt holds

for e?*™® «—— Continuous <= Step <= Riemann Integrable

Thus we get the result.

Heat Equation on a circle

) Ou = Ozt L
Question: o ,u Ctovert,C? over z, periodic on .
{U(O, z) = f(z)
Solution: Step 1. Separation of variable: Suppose u(t,z) = A(t)B(z), with A, B # 0
AW B'@
us =

At)  B(z)



A'(t)  B'(z)

A0 ~ B@

Adjusting x, t, we have

Thus B(z) = 2™ since periodic. Then we get A = —4m2n?, A(t) = e 47",
Step 2. Linear operations.

. . _ 202, 2
We get a series of solutions u(t, z) ~ > c,e 4™ " te?mine

A~

To obtain the boundary condition, it is easy to verify that ¢, = f(n).

16.2 Fourier Transform

13. Measure Theory

Following Contents are Real Analysis Parts.

13.1 Measure

Definition. (¢—algebra) 7 C P(E) is a c—algebra over the set E if it satisfies the
following 3 conditions.

1. Ec F
22 Ac F — A°c F

3. Aje; € F — U T A; € F, Iacountable index set.

(0 — Closure) Givena C C P(E), o(C) = Ng>cF

Given arbitarily many o—algebras F,,, N.F, is also a o— algebra.

(Borel Sets) For an Topological Space X, its open sets are O, B(E) = ¢(0O)



Definition. (Measure) Given (E, F), a function y : 7 — [0, +-00] is called a measure
if it satisfies:

1. u(2) = 0, 2. p(U;2NA,) = 30,7 1(An) (o-addictivity)

Examples. 1. E = Z, F = P(A), u(A) = |A|;
Caratheodory Construction.

w:S—[0,00] w*:2%X—10,00] Caratheodory Condition p:M=p*—measurable—[0,00]

pre measure outer measure measure

Take the semi-ring S = bounded intervals, u map interval to its length.
Through this construction (and using some conclusions of Caratheodory-Hahn Thm.) we

get a measure j; (Actually a unique expension on M) on M, where M is a o algebra
containing intervals. Thus M contains Borel sets.

Prop. ;. a measure over (E, F)

1.AC B = u(A) < u(B)

2. u(A) + u(B) = p(AU B) + u(AN B)

3. A, C Anp, p(Un29A45) = limy o0 p(An)

4. By, 2 Bpy1, u(B1) < +00, p(N121By) = limy, 00 p4(Bn)

5. u(Un234n) < 30,%5 p(An)

13.2 Integration

f(z) =31 aila,, A; € F,disjoint.

Define / fdp = Z a;p(A
E i=1



Definition (Measurable Function) f : (E;, ;) — (Es, F2) is measurable if
VA € Fo, f1(A) € F;

If (Ey, F2) = (R, Borel), we usally call f a F; measurable funtion.
Definition (Integration)
1. f > Oa fE fd,Ll, = SU—Phgf,h sitmple fE hd:u’

Z-IEfdﬂ':fEerd/l’_fEfidu

Remark. Say f integrable if/|f|du < +oo,then/ f+,/ f~ < +oo
E E

Rimeann Integrable On Closed Interval — Measurable and f L= f R

Proof: f L= f  if we use step functions as the simple functions. Using Upper sums and
Lower sums immediately leads to the result.

For the measurable part,

14. Probability

We use Kolomogrov axiom to define the probability.

A probability space consists of (2, %, P), where €2 is the hole space, .# is a 0—algebra,
and [P a measure over it such that P(2) = 1

(Independence of events) P(E; N E,) = P(E;)P(E;), then E1, Es independent.

More generally say a countable family of events { E; :;of independent if
P(NE;) = || P(E;) holds for any sub family F;(: € I)

(Condition Probability) For A € .#, P(A) > 0, then for E € .#, define the
P(ENA)

condition probability P(E|A) = B(A)



Through standard checking process this indeed defines a probability on #

Similar to sets, we have Product space by conducting cartesian product.

(Random Variables) A random variable is a measurable function X : ) — P

(Discrete Random Variable) P(X = X;) = P;, X ranges on discrete countable
points.

(Independence of Random Variables) Given a family of random variables (X,);cs,
they are independent if Vo, - - -, 0, € I,VF, -+, F,, € B(R), we have
P(N{Xq, € Fo,}) = [IP({Xa € Fo.})

(Expectation) E(X) = [ XdP

(Variance) Var(X) = E((X — E(X))?) = E(X?) — E(X)?

Prop. If X4, ---, X, are independent random variables, then

Var(> X;) = > Var(X;)

Proof:
LHS = E[(Y2:)%] — (X Efzi]))* = X (E[z]] — (Elzi])?) + X (E[ziz;] — Elzi]Ez;]) = RH

Examples for discrete random variables.

Bernoulli X € {0,1},P(X =1)=p;P(X=0)=1—p
Binomial

P(X =k) = (3)p*1 —p)" "

3" Bernoulli(p) ~ Binomial(n,p), E(Binomial(n,p)) = nE(Bernoulli(p)) = np

Geometry
P(X =k)=(1-p)f1p E(X)=1/p

Poisson



—,B(X) =Var(X) =\

Markov Inequality P(|z| > \) < —E(|z|)

> =

This is exactly same to the Chebyshev inequality in the real analysis case.
Weak LLN

X;iid— X,> X, /N — (under probability) E[X]

Proof:

15. Random Graph & Perrolation

Graph are defined to be 1-skeleton of a CW complex.

15.1 Erdos-Renyi Graph

Model G = G(n, P,,), with n vertices. Sample i.i.d. Bernoulli random variables of
parameter P,. Connect i, j if X; ; = 1, otherwise 0.

Connectivity
P,=1,thenP(G=K,) =1
Connectivity Theorem.

1+ ¢)logn n
1. For P, > %, € > 0, then P(G(n, p) is connected) linasag

1—e¢)logn n—-+00
2.For P, < %, € > 0, then P(G(n, p) is connected) LAy

We call case 1 "supercritical"(i#lE5L), case 2 "subcritical"(¥KIIE L)

ogn

I
In this case here is the critical situation.

n



Proof:

Lemma 1. (Isolated point)

1+¢)logn n—+400
For P, > %, P(G(n,p) has isolated point) LRAaA)

Lemma 1 Proof:

First Moment Method (Mean/Expectation): —4675 1

P(#isolated vertices of G(n,p) > 1) < E(#isolated vertices)

To compute the last term, we observe that #isolated vertices = Y . | 1; is isolated

Thus E(#isolated vertices) = > i1 E(1;is isolated) = D11 P(¢ is isolated)

Now For any single point 4, P(i is isolated) = P(X;; =0 Vt#1i) = (1— P,)"!

Hence:
1+¢)l
E(#isolated vertices) = n(1 — P,)" ' < n(1 — M)n*1
n
(1+¢€)logn
< n(e_ n )n—l < nl—(1+s)(n—1)/n m) 0
We get a conclusionn(1 — P,)" ~n"*.
Lemma 2. (Isolated point)
1+¢)logn
For P, < &, P(G(n,p) has isolated point) LAl

n

Lemma 2 Proof:

Second Moment Method (Variance): — 4675

E*(X)

Denote X = #{isolated vertices},then P(X > 1) > x?)

(Cauchy-Schwartz)

=

Since E(Xz) =K ((Z 145 isolated)z) = Z E(ﬂz is iolated) + Z E(ﬂi,j both are isolated)



The first sum is n(1 — P,)" !, second sum is n(n — 1)(1 — P, )?"3(through elementary
combinatorics)

Thus =21 - P)*?/[n(n - 1)1 — P)> 3 +n(l — P,)" 1] =0

Main Proof of Part 1.

P(G isn't connected) = P(Jcut V1 L V3)
<P UZZ:/12] (3cut, | V1| = k, no edges between V1,V — V7)
[n/2]

<y <Z>(1 — e

k=1
Since P, is monotonic w.r.t. €, it is possible to let € be arbitarily small.
Condition: n >> 1.

Since

<Z) (1- Pn)k(nfk) _ (nL'k)l(l - Pn)kn%(l . Pn)sz ~ nk (1 - Pn)nk(k/e)ikepnkz

~ n—ek(k/e)—ke(1+5)k2 logn/n

< exp(—¢cklogn — klog(k/e) + (1 + ¢)k*logn/n)
= exp(—k[elogn + log(k/e) — (1 + €)(k/n)logn])
Ifk < %n,slogn —(1+¢)(k/n)logn > €/3 -logn

Ifn/2>k>en/2,
elogn + log(k/e) — (1 + ¢)(k/n)logn > log((en)/(2e)) — (1 +¢€)/2 - logn

=(1—¢)/2-logn + logle/(2¢e)] > (logn)/3

Thus
P(G isn't connected) < Z ¢~ klelogn-+log(k/e)—(1+¢)(k/n) logn]

+00 +0o0
<Y e N BB —n ) S (1 - T g
k=1 k=[en/2]

Proof of Part 2.

Directlty deduced from Lemma 2.



15.2 Bernoulli Percolation

Definition. (Bernoulli Percolation: {153 #i5ifi #<#!) Given a graph G = (V, E),
associate every e € E with an independent Bernoulli Random variable w(e) with
the parameter p. (This is called the distribution of a percolation configuration)
Given the percolation configuration distribution, we define a new random graph

G = (V, &), where for every e, e € £ <= w(e) = 1, call the edge open, otherwise
closed.

Erdos-Renyi graph, particularly, is the case when taking G = K,

Remarks: Here the probability space is
({0,1}%, F = Events generated by Finite Edges Events,P,)

Now we consider the Bernoulli Percolation on Z¢, i.e. take G' = (Z¢, E(Z%)), where
E(2%) = {(z,y)|dist(z,y) = 1}.

0(p) = P(0 +— o0) = P({3an infinite component containing 0}), where
(z <— y) denote z, y can be connected by a open path.

Here (0 +— 00) = Nyp>1(0 +— OA,,), where A, is the square [—n, n]%, hence a finite
edge event, hence (0 <— o0) indeed exists in the event domain.

Call the component containg 0 C'(0) the cluster containing 0.

We would like to consider the critical probability in which 6(p) changes from 0 to non-0
values.

Prop 1.(Lower case) Vd € N, 3p(d), such that p < p(d) = 6(p) =0

Proof: Since (0 «— 00) = N,>1(0 «— JA,,), it is also a descending chain, thus
P(0 «— 00) = lim,,,00 (0 <— 0A,)

For each n,



P(0 «— 0A,) < Z]P’(Ellength k — open path : 0 <— OA,,)

k>n
< Zpk - (#length k — open path : 0 <— OA,,)
k>n
1
<) p*-(2d)F = (2dp)" -
kzzn 1 —2dp

Take p < 1/(2d), we get the result. Thus p(d) = 1/(2d) — ¢ is a suitable choice.

Prop 2.(Upper case) Vd > 2, 3p(d) € (0,1),p > p(d) = 6(p) >0

Proof: Similarly we have
P(0 +— 00) =1 —P(0 +—# o0) =1 — lim,_,, P(0 <4 0A,,)

It suffices to prove that for p > p, P(0 +—% OA,) < c € (0,1)

P(0 «—# 0A,,) = P(3a open dual hyperplane separating 0 and OA,,)

< Z P(Ja size — k hyperplane separating 0 and OA,,)
k>2d

_ [e(d)(1 — p)]*
== 1 —[e(d)(1 - p)]

Take a rather large p, (near to 1), we can let P(0 «—# 9A,,) be controlled by a rather
small value.

Prop 3.(Monotonicity) f(p) is increasing.

Proof: Define a event A is increasing, ifw € A,w’ > w,thenw’ € A. Where
w,w’ € {0,1}¥,w > wif for all components we have the same greater relation.

We claim if A is increasing, p < p/, P,(4) < P,(4’)

Proof:

Coupling Method:#& /7.

Given 2 probability space (Q1, Fi1,P1), (2, Fa, Ps)

Construct a new probability space (Q; x Qa, F; ® Fa, P), such that

[P)(Al X Qz) = Pl(Al)



I@(Ql X Ag) = Py(As).

Note that product space is a coupling space.

Stochastic domination

Given 2 real value random variable X; € (Q4, F1,P1), Xo € (Q2, F2, P2)

We construct a coupling space such that P(X; < X,) = 1.

For example, consider 2 coin toss with front face probability p1, po, resp.

We sample a uniform distributed random variables U “*"2"*" Un; f([0,1])

Let Xl = ]]U§P1’X2 = 1]U§p2,thel’l X1 < X2.

Back to the proposition:
Take i.i.d. random variables which distributed uniformly on (0, 1). {U,, e € E(Z%)}
Take wy(€) = Vv, <p}

Then clearly w;, ~ Py, w, < wy if p < p'. Thus
Pp[A] = Plw, € A] < Plw, € A] = Py[4]

Theorem. (Phase Transition) d > 2, Jp.(d) € (0, 1), such that
p<p. = 6(p) =0;
p>p. = O(p)=1

More particularly, when d = 2,0or d > 11, §(p.) = 0; when 3 < d < 10, determine 6(p,.)
value is a Fields-Medal-Level Work.

Lem. p — 6(p) is right-continuous.

Thm. Kolmogrov 0-1 law



16. Markov Chain

Definition. (Markov Chain) Let (2, 7, P) be a probability space, with a series of
random variables (X, ) cn-

We call the series a Markov Chain if

]P)(X,-H_l € En+1| Ni<i<n (Xl € El)) = ]P)(Xn—H € En+1|Xn € En) holds for all
E; € Borel(R). (i.e. only the present state matters)

E.g. If
P(Xnt1 € Enti1| Mi<i<n (Xi € E;)) =P(Xpy1 € Ena|(Xn € Ep) N (Xpo1 € Epo1))

ThenY, = (X,, X, 1) (2% - R?)isa R2—valued random variable.

Hence P(Y, 11 € Eni1 X Ey|Y;) =P(Yoi1 € En1 X Ey|Y, € E, X E,_1),and
indeed the sigma closure of Borel(R)? is Borel(R?), thus a markov chain.

Definition. (Homogeneous Markov Chain; Transition Matrix) A countable state
markov series is times homogeneous if P(X,, 11 = zp41| X, = ) = Qz, 2,.,

Here the matrix @ is a fixed matrix.

Remark. Vz, ", Qzy =1

. .. ire . d
Prop. (X ) times homogeneous Markov Chain with transition matrix @, X, ~ Q,
then @, i determine the distribution of the markov chain X,

Proof: By induction and using the transition matrix.

P(Xo =20, X1 =21, -+, Xp, = Tp)

- ]P)(Xn - xn’XO =xoM---N Xn—l = mn—l) : IP)()(O =Ty aXn—l - xn—l)
= an,l,xn : ]P)(XO =0, 7Xn—1 = mn—l)
== oo Quorr Qa2



Corollary. P(X,, = z,,) = (uQ")x,

Simple Random Walk on Graph

Definition. (SRW on Graph) G = (V, E),degV < 400, a SRW on G is a markov
1

chains.t. P(X,, .1 = v|X,, = p) ) |

~ deg(p)
Note P, denotes the markov chain starting from point z.

Prop. f,,(z) = E.[f(X,)], then f,(z) = (Q"f)(z). f: V — R.

Prop. fn+1 — fn = Lfn, where L is defined to be (Q — I).

Lfn =3 e Quy(f(y) — f(2))

Remark. Note the astonishing relation between the previous proposition and the discrete

heat equation, we can establish an amazing method to solve the heat equation
numerically.
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